Abstract. A topological group X is defined to have compact exponent if for some number n ∈ N the set {x n : x ∈ X} has compact closure in X. Any such number n will be called a compact exponent of X. Our principal result states that a complete Abelian topological group X has compact exponent (equal to n ∈ N) if and only if for any injective continuous homomorphism f : X → Y to a topological group Y and every y ∈ f (X) there exists a positive number k (equal to n) such that y k ∈ f (X). This result has many interesting implications: (1) an Abelian topological group is compact if and only if it is complete in each weaker Hausdorff group topology; (2) each minimal Abelian topological group is precompact (this is the famous ProdanovStoyanov Theorem); (3) a topological group X is complete and has compact exponent if and only if it is closed in each Hausdorff paratopological group containing X as a topological subgroup (this confirms an old conjecture of Banakh and Ravsky).
Introduction
In this paper we prove a theorem, which can be considered as a quantitative version of the fundamental Prodanov-Stoyanov Theorem on the precompactness of minimal Abelian topological groups. All topological groups considered in this paper are Hausdorff.
We recall that a topological group X is precompact if its completion in the two-sided uniformity is compact. This happens if and only if X is totally bounded in the sense that for any neighborhood U ⊂ X of the unit there exists a finite subset F ⊂ X such that X = F U . For a subset A of a topological space X byĀ we denote the closure of A in X.
We shall say that a topological group X has compact exponent if for some number n ∈ N the set nX = {x n : x ∈ X} has compact closure nX in X. In this case, the number n is called a compact exponent of X. Observe that a topological group is compact if and only if 1 is its compact exponent. For the first time the concept of compact exponent (without naming) has appeared in Banakh and Ravsky [2] .
By a powertopological semigroup we understand a semigroup S endowed with a Hausdorff topology such that for any a, b ∈ S and n ∈ N the map S → S, x → ax n b, is continuous. It is clear that each topological semigroup is powertopological and each powertopological semigroup is semitopological which means that for any a, b ∈ S the shift S → S, x → axb, is continuous. This paper contains a unique principal result: Theorem 1.1. Let n ∈ N be any number. For a complete Abelian topological group X the following conditions are equivalent:
(1) X has compact exponent (equal to n); (2) for any injective continuous homomorphism f : X → Y to a topological group Y and every point y ∈ f (X) ⊂ Y there exists a number k ∈ N (equal to n) such that y k ∈ f (X); (3) for any continuous homomorphism f : X → Y to a powertopological semigroup Y and every point y ∈ f (X) ⊂ Y there exists a number k ∈ N (equal to n) such that y k ∈ f (X).
This theorem has many interesting and non-trivial implications. is nilpotent Lie group (of nilpotence degree 2), which is minimal but not compact, see also [4] and [12] . Nonetheless, Dikranjan and Uspenskij [8] proved the following two extensions of Corollary 1.2 to nilpotent and solvable topological groups. Our proof of Theorem 1.1 follows the line of the proof of Stoyanov-Prodanov Theorem from [6] , with an additional care of (non)completeness and compact exponent. Because of that it is quite long and technical. We separate the proof into several steps. In Section 2 we establish some preliminary results related to bounded sets in topological groups and properties of topological groups of (pre)compact exponent. In Section 3, on each Abelian topological group X we define a weaker group topology τ ⋄ dependent on a sequence (x n ) n∈ω of points in X and prove two Key Lemmas. The first Key Lemma 3.1 produces a sequence (x n ) n∈ω in X with some additional properties and the second Key Lemma 3.3 shows that these properties ensure that the topology τ ⋄ is Hausdorff. We shall apply these Key Lemmas once in the proof of the "bounded" version of Theorem 1.1 (with k = n) and three times for the "unbounded" version (with k arbitrary). So, Theorem 1.1 follows from its "bounded" and "unbounded" versions, proved in Theorem 4.4 and 7.2, respectively.
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Preliminaries
In this section we fix some standard notations used in the paper. Also we recall some known results and prove some simple lemmas.
2.1. Standard Notations. By N we denote the set of natural numbers, i.e., positive integer numbers and by ω the set of non-negative integer numbers (= finite ordinals). By Z we denote the additive group of integer numbers.
By P we denote the set of all prime numbers. For a number n ∈ N let P n be the set of prime divisors of n. For a subset A of a topological space X byĀ we denote the closure of A in X. A point x ∈ X is called an accumulation point of a sequence (x n ) n∈ω in a topological space X if each neighborhood O x ⊂ X of x contains infinitely many points x n , n ∈ ω.
For group X by e we denote its unit, i.e., a unique element e such that ex = x = xe. For two subsets A, B of a group X we put AB = {ab : a ∈ A, b ∈ B}. The powers A n are defined by induction: A 0 = {e} and
For a sequence (A n ) n∈ω of subsets of a group X by n∈ω A n we denote the subgroup of X generated by the union n∈ω A n .
For a subset A of a group X and a natural number n ∈ N let nA = {a n : a ∈ A} be the set of n-th powers of the elements of A. Observe that nA ⊂ A n and nA = A n in general. If A is a subgroup of an Abelian group X, then nA is a subgroup of X.
A topological group X is complete if it is complete in its two-sided uniformity (generated by the entourages {(x, y) ∈ X × X : y ∈ xU ∩ U x} where U runs over neighborhoods of the unit e) of X).
It is well-known (see [1, §3.6] or [18] ) that the completionX of a topological group X by its two-sided uniformity carries a natural structure of the topological group, which contains X as a dense subgroup.
2.2.
Bounded sets in topological groups. In this section we establish some properties of bounded and precompact sets in topological groups.
A subset B of a group X is called U -bounded for a set U ⊂ X if B ⊂ F U ∩ U F for some finite subset F ⊂ X. A subset X of a topological group is called totally bounded if it is U -bounded for any neighborhood U of the unit in X. It is well-known that a subset B of a complete topological group X has compact closureB in X if and only if B is totally bounded. Because of that totally bounded subsets in topological groups are also called precompact sets, see [1, §3.7] .
The following simple (but important) lemma shows that the failure of the total boundedness can be recognized by countable subgroups.
Lemma 2.1. If a subset A of a group X is not U U −1 -bounded for some set U ⊂ X, then for some countable subgroup Z ⊂ X the set Z ∩ A is not U -bounded.
Proof. Since A is not U U −1 -bounded, for every finite set
. By Zorn's Lemma, there exists a maximal subset E ⊂ A ∪ A −1 which is U U −1 -separated in the sense that x / ∈ yU U −1 for any distinct points x, y ∈ E. The maximality of E guarantees that for any x ∈ A ∪ A −1 there exists y ∈ E such that x ∈ yU U −1 or y ∈ xU U −1 (and hence x ∈ yU U −1 ).
The choice of U ensures that the set E is infinite. Then we can choose any countable subgroup Z ⊂ X that has infinite intersection Z ∩ E with E.
We claim that the set Z ∩ A is not U -bounded. Assuming the opposite, we could find a finite subset F ⊂ X such that Z ∩ A ⊂ U F . Since the set Z ∩ E is infinite, for some x ∈ F there are two distinct points y, z ∈ Z ∩ E such that y n , z n ∈ U x. Then z n ∈ U x ⊂ U U −1 y n , which contradict the choice of the set E.
Localizations.
A topological group X is called p-singular for a prime number p if for any n ∈ N, not divisible by p the set nX is dense in X. For an Abelian topological group X the union T p (X) of all p-singular subgroups of X is the largest (closed) p-singular subgroup of X, see [6, §2.6] . For an Abelian discrete topological group X the set T p (X) coincides with the p-Sylow subgroup {x ∈ X : ∃n ∈ N x p n = e}. We shall need the following fact whose proof can be found in [6, 2.6.2].
Lemma 2.2. If an Abelian topological group is a union of compact subgroups, then the subgroup p∈P T p (X) is dense in X. Lemma 2.3. If X is a compact Abelian topological group, then for any prime number p and any number n ∈ N we have nT p (X) = p np T p (X), where n p ∈ ω is the largest number such that p np divides n.
Lemma 2.4. Let X be an Abelian topological group. For any number n ∈ N we have
where n p ∈ ω is the largest number such that p np divides n. Moreover, if X is a union of compact subgroups,
Proof. For every p the p-singularity of T p (X) implies that p np T p (X) = nT p (X) ⊂ nX. Taking into account that nX is a group, we conclude that p∈P p np T p (X) ⊂ nX.
Now assume that X is a union of compact subgroups. To see that p∈P p np T p (X) in dense in nX, it suffices for any open set U ⊂ X intersecting nX to find an element
Since X is a union of compact subgroups, the closureZ of the cyclic group Z := {z n } n∈Z is compact. By Lemma 2.2, the subgroup p∈P T p (Z) is dense inZ. So, we can find an element
2.4. The Bohr topology and Følner Theorem. The Bohr topology on a semitopological group X is the weakest topology on X in which all continuous homomorphisms into compact topological groups remain continuous. The Bohr topology is not necessarily Hausdorff. Topological groups with Hausdorff Bohr topology and called maximally almost periodic.
In the proof of Theorem 1.1 we shall apply the following fundamental theorem of Følner [10] , whose proof can be found in [6, 1.4.3] .
Theorem 2.5 (Følner, 1954) . Let X be an Abelian semitopological group such that for every n ∈ Z the map X → X, x → x n , is continuous. If the group X is E-bounded for some subset E ⊂ X, then for any neighborhood U ⊂ X the set U U −1 (EE −1 ) 8 is a neighborhood of the unit in the Bohr topology of X.
Two Key Lemmas
In this section we prove the two lemmas following the ideas of the proof of Lemma 2.7.3 from [6] . The first lemma will help us to construct a nice sequence (x n ) n∈ω in an Abelian topological group X. This sequence determines a weaker group topology τ ⋄ on X and in the second lemma we find conditions under which this weaker topology is Hausdorff.
Lemma 3.1. Let X be an Abelian group, (z k ) k∈ω be a sequence in X, (W k ) n∈ω be a decreasing sequence of sets in X and (G k ) k∈ω be a sequence of subgroups of X satisfying the following conditions:
(1) for every k ∈ N the set W k contains the unit e of X and
Then there exists a sequence of points (x m ) m∈ω in G 0 satisfying the conditions: (3) for any numbers m ∈ N, n ≤ 2 m+1 and k ≤ m with nG 0 ⊂ G k we have
Proof. The construction of the sequence (x k ) k∈N is inductive. Let x 0 = e and assume that for some m ∈ N the points x 0 , . . . , x m−1 have been constructed. Consider the finite set F m defined by the condition (4) of Lemma 3.1. Let P m be the set of all pairs (n, k) ∈ N × N such that k ≤ n ≤ 2 m+1 and nG 0 ⊂ G k . By the condition (2), for every (n, k) ∈ P m the set nG 0 is not W The group G 0 , being Abelian, is amenable and hence admits an invariant finitely additive invariant probability measure µ : P(G 0 ) → [0, 1] defined on the Boolean algebra of all subsets of G 0 , see [13, 0.15] . Claim 3.2. For any (n, k) ∈ P m and any z ∈ F m the set S n,k,z = {x ∈ G 0 :
Proof. Using Zorn's Lemma, choose a maximal subset M ⊂ G 0 such that x n / ∈ y n W 2 k G k for any distinct points x, y ∈ M . The maximality of M guarantees that for every x ∈ G 0 there exists y ∈ M such that
We claim that for any distinct points x, y ∈ M the sets
which contradicts the choice of the set M . Therefore, the family (x n W k G k ) x∈M is disjoint and so is the family (
n and observe that the family p
Now the additivity and invariantness of the measure µ ensures that the set p
The additivity of the measure µ and Claim 3.2 imply that the set S = (n,k)∈Pm z∈Fm S n,k,z has measure zero. Consequently, we can find a point x m ∈ G 0 \ S. It is clear that this point x m satisfies the condition (3) of Lemma 3.1.
Let X be an Abelian topological group and (x n ) n∈N be a sequence of points in X. For every positive real number δ consider the set
Let T be the topology of X and B be the largest precompact group topology on the group X, i.e., B is the Bohr topology of the group X, endowed with the discrete topology. Let T e = {T ∈ T : e ∈ T = T −1 } and B e = {B ∈ B : e ∈ B = B −1 } be the families of open symmetric neighborhoods of the unit e in the topological groups (X, T ) and (X, B), respectively.
It is easy to see that the family
is a neighborhood base at the unit for some group topology τ ⋄ on X. This topology τ ⋄ will be called the topology, ♦-generated by the sequence (x n ) n∈ω , and this sequence will be called ♦-generating the topology τ ⋄ . If the topology τ ⋄ is Hausdorff, then its ♦-generating sequence (x n ) n∈ω will be called ♦-Hausdorff. In this case X ⋄ := (X, τ ⋄ ) is a Hausdorff topological group and we can consider its completionX ⋄ , which is a complete topological group.
The following lemma detects ♦-Hausdorff sequences.
Lemma 3.3. Let X be an Abelian topological group, (z n ) n∈ω be a sequence in X, (W k ) n∈ω be a decreasing sequence of neighborhoods of the unit e in X and (G k ) k∈ω be a sequence of closed subgroups of X satisfying the following conditions:
If a sequence (x m ) m∈ω of points of G 0 satisfies the condition (3) of Lemma 3.1, then it is ♦-Hausdorff and the set {x m } m∈ω is totally bounded in the topological group (X, τ ⋄ ).
Proof. We separate the proof of this lemma into four claims.
Proof. To derive a contradiction, assume that the set (
l for some number l ∈ N and some integer numbers ε 1 , . . . , ε l such that 
n for some n ∈ N and some integer numbers δ 1 , . . . , δ n such that
We claim that the real number ε = 1 2 n has the required property. To derive a contradiction, assume that x ∈ ♦ ε W k and find a point y ∈ ♦ ε such that x ∈ yW k . Write y as y = x The inclusion x ∈ yW k implies that y −1 x ∈ W k and y Proof. Given an element x ∈ X \ {e}, we should find T ∈ T e , ε > 0 and B ∈ B e such that x / ∈ T · (♦ ε ∩ B). If x does not belong to the closureH of the subgroup H, generated by the set {x n } n∈N , then we can find a neighborhood T = T −1 ∈ T e of unit in X such that xT ∩ H = ∅ and conclude that T ♦ 1 ⊂ T H does not contain x.
Next, we consider the case x ∈H \ G ω = k∈ωH \ G k and hence x / ∈ G k for some k ∈ N. Since the subgroup G k is closed in X, there exists a neighborhood T ∈ T e of the unit such that T = T −1 ⊂ W k+1 and xT ∩ G k = ∅. If x / ∈ T ♦ 1 , then, we are done. So, assume that x ∈ T ♦ 1 . In this case there exists z ∈ ♦ 1 such that x ∈ T z. It follows that z ∈ xT
Finally, we consider the case x ∈ G ω . Choose a neighborhood U ∈ T e of the unit such that U = U −1 and x / ∈ U 37 . By the condition (4) of Lemma 3.
2 of e in the group G k and observe that G k = F V . By Følner Theorem 2.5, the set (V V −1 ) 9 is a neighborhood of the unit in the Bohr topology of the group G k endowed with the discrete topology. The Baer Theorem [17, 4.1.2] on extensions of homomorphisms into divisible groups implies that the Bohr topology of the group G k coincides with the subspace topology inherited from the Bohr topology on the group X. Consequently, there exists a Bohr neighborhood B ∈ B e or e such that
we can find points t ∈ T and b ∈ ♦ 1 ∩ B with x = tb and conclude that
, which contradicts the choice of the neighborhood U .
Claim 3.7. The set {x n } n∈ω is totally bounded in the topological group (X, τ ⋄ ).
Proof. Given a neighborhood U ∈ τ ⋄ of e, we need to find a finite set F ⊂ X such that {x n } n∈ω ⊂ F U . We can assume that the neighborhood U is of basic form U = T (♦ ε ∩ B) for some T = T −1 ∈ T e , ε > 0 and B = B −1 ∈ B e . Let F ⊂ {x n } n∈ω be a maximal set such that x / ∈ yU for any distinct elements x, y ∈ F . The maximality of F guarantees that for any point x ∈ {x n } n∈ω there exists a point y ∈ F such that x ∈ yU or y ∈ xU (and x ∈ yU −1 = yU ). So, {x n } n∈ω ⊂ F U . We claim that the set F is finite. To derive a contradiction, assume that F is infinite.
The total boundedness of the topology B yields a finite set E ⊂ X such that X = ED. By the Pigeonhole principle, there exists a point z ∈ E such that the set zD contains two distinct points x n , x m ∈ E with m ∈ ♦ ε ∩ B ⊂ U and x n ∈ x m U , which contradicts the definition of the set F . This contradiction shows that the set F is finite and the set {x k } k∈ω ⊂ F U is totally bounded.
Topological groups of compact exponent
We recall that a topological group X has compact exponent if for some n ∈ N the set nX = {x n : x ∈ X} has compact closure in X.
Lemma 4.1. If a complete Abelian topological group has compact exponent, then X contains a ♦-Hausdorff sequence (x m ) m∈ω which has an accumulation point x ∞ in the completionX ⋄ of the topological group X ⋄ := (X, τ ⋄ ) such that for every n ∈ N the power x n ∞ belongs to X ⋄ if and only if the set nX is precompact. Proof. Let s ∈ N be the smallest number such that sX is precompact. Using Lemma 2.1, find a countable subgroup Z = {z k } k∈ω ⊂ X such that for every n < s the set nZ is not precompact.
Put G 0 =Z and
For every prime number p let s p ∈ ω be the largest number such that p sp divides s. The compactness of exponent implies that X is a union of compact subgroups. By Lemma 2.4, the subgroup p∈P p sp T p (Z) is dense in sZ. Proof. Consider the number t = s/q and for every p ∈ P let t p be the largest number such that p tp divides t. Observe that t q = s q − 1 and t p = s p for p = q. By Lemma 2.4, the subgroup p∈P p tp T p (Z) is dense in tZ. Assuming that q sq−1 T q (Z) is precompact, we would conclude that the subgroup p∈P p tp T p (Z) =
· sX is precompact and so is its closure tZ. But this contradicts the minimality of s.
Choose a neighborhood W 0 ⊂ X of the unit such that for every divisor p of s the (non-precompact) subgroup
It is easy to see that the sequences (W k ) k∈ω and (G k ) k∈ω satisfy the conditions (1)-(2) of Lemma 3.1 and (1)-(4) of Lemma 3.3. Applying these lemmas, we obtain a ♦-Hausdorff sequence (x m ) m∈ω in G 0 satisfying the conditions (3),(4) of Lemma 3.1 and such that the set {x n } n∈ω is totally bounded in the Hausdorff topological group X ⋄ = (X, τ ⋄ ) and hence has an accumulation point x ∞ ∈X ⋄ in the completionX ⋄ of X ⋄ = (X, τ ⋄ ).
Claim 4.3. For every n ∈ N the power x n ∞ belongs to X ⋄ if and only if the subgroup nX is precompact. Proof. If the set nX is precompact, then its closure nX ⊂ X is compact and hence closed inX ⋄ . Then the dense subset {x ∈X : x n ∈ nX} ⊃ X ⋄ is closed inX and hence contains the point x ∞ . Consequently,
Next, we assume that the set nX is not precompact. In this case we should prove that x n ∞ / ∈ X ⋄ . To derive a contradiction, assume that x n ∞ ∈ X ⋄ . First we observe that the number s does not divide n. Otherwise nX ⊂ sX would be precompact. Consequently, for some prime number q with s q > 0 the power q sq does not divide n.
Since x n ∞ ∈ X ⋄ , for every neighborhood V ⊂ X of the unit the neighborhood 
It follows that
λ where δ k = n − ε k and δ i = −ε i for all i ∈ {1, . . . , λ} \ {k}. We claim that |δ i s| < 2 i+1 for all i ≤ λ. If i = k, then |δ i s| = |ε i |s < 2 i−s s < 2 i . For i = k we have
Since λ i=1 δ i = n and n is not divisible by q sq , for some i ≤ λ, the number δ i is not divisible by q sq . Let j ≤ λ be the largest number such that δ j is not divisible by q sq . Since δ i = −ε i = 0 for i ≤ l, the number j is greater than l.
The maximality of j guarantees that x δi i ∈ q sq G 0 for all i ∈ (j, λ] and hence
Let s ′ = s/q sq and consider the power
which contradicts the condition (3) of Lemma 3.1 as max i≤j |δ i s ′ | ≤ max i≤j 2 i+1 = 2 j+1 and δ j s ′ Z ⊂ G 1 = sZ. To see the last non-inclusion, for every prime number p let t p be the largest number such that p tp divides δ j s ′ . It follows that t q < s q and t p ≥ s p for p = q. By Lemma 2.4, the closure of the set δ j s ′ Z coincides with the closure of the set p∈P p tp T p (Z), which is not precompact because it contains the set q tq T q (Z) ⊃ q sq −1 T q (Z) which is not precompact according to Claim 4.2. Then the set δ j s ′ Z is not precompact and hence cannot be contained in the precompact set sZ = G 1 . (1) the subgroup nX is totally bounded; (2) for any closed subsemigroup Z ⊂ X, any continuous homomorphism f : Z → Y to a powertopological semigroup Y and any y ∈ f (Z) ⊂ Y we have y n ∈ f (X); (3) for any injective continuous homomorphism f : X → Y to a topological group Y and any y ∈ f (X) we have y n ∈ f (X).
Proof. To prove that (1) ⇒ (2), assume that the subgroup nX is totally bounded and hence has compact closure nX in the complete topological group X. Fix a closed subsemigroup Z ⊂ X and a continuous homomorphism f : Z → Y to a powertopological semigroup Y . Being compact, the set Z ∩ nX has compact (and hence closed) image f (Z ∩ nX) in the powertopological semigroup Y . The continuity of the power map π : Y → Y , π : y → y n , implies that the set F = {y ∈ Y : y n ∈ f (Z ∩ nX)} is closed in Y . Since f (X) ⊂ F , the closed set F contains the closure f (X) of f (X) in Y . Then any point y ∈ f (X) belongs to F and hence has
The implication (2) ⇒ (3) is trivial and (3) ⇒ (1) follows from Lemma 4.1.
Remark 4.5. Theorem 4.4(2) cannot be further extended to semitopological semigroups: just take any infinite discrete topological group X of compact exponent and consider its one-point compactification Y = X ∪ {∞}. Extend the group operation of X to a semigroup operation on Y letting y∞ = ∞ = ∞y for all y ∈ Y . It is easy to check that Y is a compact Hausdorff semitopological semigroup containing X as a non-closed discrete subgroup.
Topological groups of hypocompact exponent
We shall say that a topological group X has hypocompact exponent if for any neighborhood U ⊂ X of the unit there exist n ∈ N and a finite subset F ⊂ X such that nX ⊂ F U . It is clear that each topological group of precompact exponent has hypocompact exponent.
Lemma 5.1. If a topological group X has hypocompact exponent, then each finitely generated Abelian subgroup A of X is precompact.
Proof. Given any neighborhood U ⊂ X of the unit, we need to find a finite subset F ⊂ X such that A ⊂ F U . Since X has hypocompact exponent, there exist n ∈ N and F 1 ⊂ X such that nX ⊂ F 1 U . Since the group A is Abelian and finitely generated, the quotient group A/nA is finite. So, we can find a finite subset F 2 ⊂ A such that A = F 2 · nA. Then A = F 2 · nA ⊂ F 2 F 1 U and hence the finite set F = F 1 F 2 has the required property.
Lemma 5.2. If a complete Abelian topological group X has hypocompact exponent, then the subgroup ωX := n∈N nX is compact and for every U ⊂ X there exists n ∈ N such that nX ⊂ ωX · U . Proof. To see that the closed set ωX is compact, it suffices to check that it is totally bounded in the complete topological group X. Given any open neighborhood U ⊂ X of the unit, use the hypocompactness of the exponent of X and find m ∈ N and a finite set F ⊂ X such that mX ⊂ F U and hence ωX ⊂ mX ⊂ FŪ , which means that ωX is precompact and hence compact.
We claim that nX ⊂ ωX · U for some n ∈ N. In the opposite case, for every n ∈ N we could choose a point x n ∈ n!X \ ωXU . Taking into account that the topological group X has hypocompact exponent, we see that the set {x n } n∈ω is precompact in the complete topological group X and hence the sequence (x n ) n∈ω has an accumulation point x ∞ ∈ X \ ωXU . On the other hand, for every m ≥ n we have x m ∈ m!X ⊂ n!X, which implies that x ∞ ∈ n∈N nX and this is a desired contradiction.
We shall say that a subset B of a topological group X is precompact modulo a set A ⊂ X if for any open neighborhood U ⊂ X of the unit, the set B is AU -bounded.
Lemma 5.3. Let A, B be two subsets of an Abelian topological group. If A is precompact modulo B, then for any n ∈ N the set nA = {a n : a ∈ A} is precompact modulo nB.
Proof. Given any neighborhood U ⊂ X of the unit, find a neighborhood V ⊂ X of the unit such that nV ⊂ U . Since A is precompact modulo B, there exists a finite subset F ⊂ X such that A ⊂ F BV . It follows that for every a ∈ A, there are points f ∈ F , b ∈ B and v ∈ V such that a = f bv. Then a n = f n b n v n and hence nA ⊂ (nF )(nB)(nV ) ⊂ (nF )(nB)U , which means that nA is precompact modulo nB.
A topological group X is ω-narrow if for any neighborhood U ⊂ X of the unit there exists a countable subset C ⊂ X such that X = CU . It is clear that each separable topological group is ω-narrow.
Lemma 5.4. Assume that an ω-narrow complete Abelian topological group X has hypocompact exponent and for some prime number p the p-component T p (X) of X does not have compact exponent. Then X contains a ♦-Hausdorff sequence {x m } m∈ω ⊂ T p (X) which has an accumulation point x ∞ inX ⋄ such that x n ∞ / ∈ X ⋄ for all n ∈ N.
Proof. First we prove the following statement.
Proof. To derive a contradiction, assume that for some k ∈ ω the set p k T p (X) is precompact modulo p k+1 T p (X). Lemma 5.3 implies that for every n ≥ k the set p n T p (X) is precompact modulo p n+1 T p (X) and hence p k T p (X) is precompact modulo p n T p (X). We claim that p k T p (X) is precompact. Indeed, for every neighborhood U of the unit, by the hypocompactness of the exponent of X, there exist n ∈ N and finite subset F ⊂ X such that nT p (X) ⊂ F U . Let d ∈ ω be the largest number such that p d divides n. Since the subgroup T p (X) is p-singular, the subgroup nT p (X) is dense in p d T p (X). Consequently,
, which means that p k T p (X) is precompact and hence the closed subgroup T p (X) of the complete group X has compact exponent. But this contradicts the assumption of Lemma 5.4.
Using Claim 5.5, choose a decreasing sequence (W k ) k∈ω of neighborhoods of the unit in X such that for every k ∈ ω the following conditions are satisfied:
(1)
The topological group X, being ω-narrow, contains a countable subset Z = {z k } k∈ω such that X = ZW k for all k ∈ ω. For every k ∈ ω let G k = p k T p (X). Since the subgroup T p (X) is p-singular, for every n ∈ N we have nT p (X) = p d T p (X) where d ∈ ω is the largest number such that p d divides n. This observation, the choice of the sequence (W k ) k∈ω and Lemma 5.2 guarantee that the sequences (W k ) k∈ω and (G k ) k∈ω satisfy the conditions (1),(2) of Lemma 3.1 and (1)- (4) of Lemma 3.3.
Applying Lemmas 3.1, construct a sequence (x n ) n∈ω satisfying the conditions (3),(4) of this lemma. Applying Lemma 3.3, we conclude that this sequence is ♦-Hausdorff and the set {x m } m∈ω is totally bounded in the topological group X ⋄ = (X, τ ⋄ ). Choose any accumulation point x ∞ ∈X ⋄ of the sequence (x n ) n∈ω (which exists since the set {x m } m∈ω is totally bounded in the complete topological groupX ⋄ ).
Claim 5.6. For every n ∈ N the power x n ∞ ∈X ⋄ does not belong to X ⋄ . Proof. To derive a contradiction, assume that x n ∞ ∈ X ⋄ . Let d ∈ ω be the largest number such that p d divides n. The p-singularity of the subgroup T p (X) and Claim 5.5 guarantee that
, we conclude that for some j ≤ m the number δ j is not divisible by p d+1 . We can assume that j is the largest possible number with this property, i.e.
It follows that j > max{l} (as δ i = 0 for i ≤ l). Let c ∈ ω be the largest number such that p c divides δ j . Taking into account that δ j is not divided by p d+1 , we conclude that c ≤ d and
which contradicts the condition (3) of Lemma 3.1.
Next we treat the case of topological groups with hypocompact exponent whose p-components have compact exponent.
Lemma 5.7. Assume that an ω-narrow complete Abelian topological group X has hypocompact exponent and for every prime number p the p-component T p (X) has precompact exponent. If X fails to have compact exponent, then X contains a ♦-Hausdorff sequence (x n ) n∈ω which has an accumulation point
Proof. By Lemma 5.2, the subgroup ωX = n∈N nX is compact and for every neighborhood U ⊂ X of the unit there exists a number n ∈ N such that nX ⊂ ωXU .
By our assumption, for every prime number p the p-component T p (X) of X has precompact exponent. Consequently, there exists s p ∈ ω such that p sp T p (X) is precompact. We can assume that the number s p is the smallest possible. If s p = 0 then the subgroup
Proof. Given a closed neighborhood U ⊂ X of the unit, choose a neighborhood W ⊂ X of the unit such that W 2 ⊂ U . By the hypocompactness of the exponent of X, there exist m ∈ N and a finite set F 1 ⊂ X such that mX ⊂ F 1 W . For every p / ∈ P m the p-locality of the subgroup T p (X) implies that T p (X) = mT p (X) ⊂ mX. Since mX is a subgroup of X, we also get p∈P\Pm T p (X) ⊂ mX ⊂ F 1 W. 
witnessing that the subgroup S is precompact.
Claim 5.9. The set P > = {p ∈ P : s p > 0} is infinite.
Proof. To derive a contradiction, assume that the set P > is finite. In this case we shall prove that for the number s = p∈P> p sp the set sX is precompact, which will contradict the assumption of Lemma 5.7.
Indeed, for every p ∈ P the p-singularity of the group T p (X) implies that sT p (X) = p sp T p (X). By Lemmas 5.1 and 2.2, the subgroup p∈P T p (X) is dense in X. By the continuity of the map X → X, x → x s , the subgroup s( p∈P T p (X)) = p∈P sT p (X) is dense in sX. Then the closed subgroup p∈P sT p (X) = p∈P p sp T p (X) =S coincides with sX. By Claim 5.8, the subgroupS = sX is compact, witnessing that X has precompact exponent. But this contradicts the assumption of Lemma 5.7.
The compactness of the subgroups ωX andS imply that the compactness of the subgroup K = ωX ·S. To shorten notations, for every prime number p ∈ P > denote the subgroup p sp−1 T p (X) by S p (X) and observe that it is not precompact but pS p (X) = p sp T p (X) is precompact.
Claim 5.10. There exists a strictly increasing sequence (p n ) n∈ω of prime numbers and a decreasing sequence (W n ) n∈ω of neighborhoods of the unit in X satisfying the following conditions for every n ∈ ω:
The construction of the sequences (p n ) n∈ω and (W n ) n∈ω is inductive. To start the inductive construction, let p 0 be the smallest prime number with s p0 > 0. Since the group K is compact and the subgroup S p0 (X) is not precompact, it is not KW 3 0 -bounded for some neighborhood W 0 ⊂ X of the unit in X. Assume that for some n ∈ N the prime number p n−1 and a neighborhood W n−1 have been constructed. By the hypocompactness of the exponent of X and Lemma 5.2, there exists a number m ∈ N such that mX ⊂ ωX · W n−1 . Choose any prime number p n ∈ {p ∈ P : s p > 0} such that p n > max(P m ∪ {p n−1 }). Then for any prime number p ≥ p n the number m is not divided by p and by the p-singularity of the group T p (X) its subgroup mT p (X) is dense in T p (X). Then T p (X) = mT p (X) ⊂ mX. Since mX is a subgroup, we also get
Since the group ωX is compact and the group S pn (X) is not precompact, it is not ωXW 3 n -bounded for some neighborhood W n ⊂ X of the unit such that W n = W −1 n and W 2 n ⊂ W n−1 . This completes the inductive step.
Since the topological group X is ω-narrow, there exists a countable subset Z = {z k } k∈ω such that X = ZW k for all k ∈ ω. For every k ∈ ω let G k be the closure of the subgroup K · ∞ n=k S pn (X) in X. Claim 5.11. For numbers n ∈ N and k ∈ ω the inclusion nG 0 ⊂ G k holds if and only if {p i : i < k} ⊂ P n .
Proof. If {p i : i < k} ⊂ P n , then
Next, assume that for some i < k the number p i does not divide n. The p i -singularity of the p i -component T pi (X) implies that nS pi (X) = S pi (X) and then nG 0 contains the subgroup S pi (X) which is not KW (1) in Claim 5.10 and hence is satisfied. To check the condition (2), fix two numbers n ∈ N, k ∈ ω, and assume that nG 0 ⊂ G k . By Claim 5.11, n is not divisible by some prime number p i with i < k. Then S pi (X) = nS pi (X)) ⊂ nG 0 . By the condition (3) of Claim 5.10, the set S pi (X) is not KW (4) of Lemma 3.3 will follow as soon as we check that for every neighborhood U ⊂ X of the unit there exists k ∈ ω such that G k ⊂ KU . By Lemma 5.2, there exists n ∈ N such that nX ⊂ ωX · U . Choose k ∈ N so large that for every i ≥ k the prime number p i does not divide n and hence
Therefore the conditions (1)- (4) of Lemma 3.3 are satisfies. Then the conditions (1),(2) of Lemma 3.1 are satisfied, too. So, we can apply Lemmas 3.1 and 3.3 and construct a ♦-Hausdorff sequence {x k } k∈ω ⊂ G 0 satisfying the condition (3),(4) of Lemma 3.1 and such that the set {x k } k∈ω is totally bounded in the topological group X ⋄ = (X, τ ⋄ ) and hence has an accumulation point x ∞ in the completionX ⋄ of the topological group X ⋄ . Claim 5.12. For every n ∈ N the power x n ∞ / ∈ X ⋄ .
Proof. To derive a contradiction, assume that x n ∞ ∈ X ⋄ . Let d ∈ ω be the smallest number such that the prime number p d does not divide n.
Since X = ZW d+1 , there exists a number l ∈ ω such that x m where δ λ = n − ε λ and δ i = −ε i for all i ∈ {1, . . . , m} \ {λ}. Also, |δ λ | = |n − ε λ | ≤ n + 2 λ < 2 λ+1 and hence |δ i | < 2 i+1 for all i ≤ m. Let µ ∈ ω be the smallest number for which there exists a number i ≤ m such that δ i is not divisible by the prime number p µ . Such number exists and is ≤ d since the number n = m i=1 δ i is not divisible by p d . The minimality of µ guarantees that for every i ≤ m the number δ i is divisible by the number q = j<µ p j and hence x δi i ∈ qG 0 ⊂ G µ according to Claim 5.11. Let j ≤ m be the largest number for which δ j is not divisible by p µ . The maximality of j guarantees that δ i is divisible by p µ for all i ∈ (j, m]. It follows that j > l (as
which contradicts the condition (3) of Lemma 3.1 as δ j X ⊂ G µ (by Claim 5.11).
Treating topological groups which do not have hypocompact exponent
The following lemma was proved by Ravsky [16] . We shall give an alternative proof of this lemma deriving it from Key Lemmas 3.1 and 3.3.
Lemma 6.1. If an Abelian topological group X is not of hypocompact exponent, then X contains a ♦-Hausdorff sequence (x m ) m∈ω , which has an accumulation point x ∞ ∈X ⋄ such that x n ∞ / ∈ X ⋄ for all n ∈ N.
Proof. Since X is not of hypocompact exponent, there exists a neighborhood
of the unit such that for every n ∈ N the set nX is not W 
There exists a countable subgroup Z = {z k } k∈ω of X such that for every n ∈ N the subgroup nZ is not W 0 -bounded.
Proof. Using Zorn Lemma, for every n ∈ N choose a maximal subset M n ⊂ X such that for any distinct elements x, y ∈ M n we have x n / ∈ y n W 2 0 . The maximality of M n implies that for every x ∈ X there exists y ∈ M n such that x n ∈ y n W 2 0 or y n ∈ x n W 2 0 and hence
and hence nX ⊂ nM n ·W 2 0 . Since the set nX is not W 2 0 -bounded, the set M n is infinite. So, we can choose a countable subgroup Z = {z k } k∈ω ⊂ X such that for every n ∈ N the intersection Z ∩ M n is infinite.
We claim that for every n ∈ N the subgroup nZ is not W 0 -bounded. Assuming the opposite, we could find a finite subset F ⊂ X such that nZ ⊂ F W 0 . Since the set Z ∩ M n is infinite, for some x ∈ F there are two distinct points y, z ∈ Z ∩ M n such that y n , z n ∈ xW 0 . Then z n ∈ xW 0 ⊂ y n W −1 0 W 0 = y n W 2 0 , which contradict the choice of the set M n .
Let G 0 =Z and G k = {e} for all k > 0. It is clear that the sequences (W k ) k∈N and (G k ) k∈N satisfy the conditions (1),(2) of Lemma 3.1 and (1)- (4) of Lemma 3.3. Applying these two lemmas, we obtain a ♦-Hausdorff sequence (x n ) n∈N satisfying the conditions (3),(4) of Lemma 3.1 such that the set {x n } n∈ω is totally bounded in the topological group X ⋄ := (X, τ ⋄ ) and hence has an accumulation point x ∞ in the completion X ⋄ of X ⋄ . Claim 6.3. For every n ∈ N the point x n ∞ does not belong to X ⋄ . Proof. Assuming that x n ∞ ∈ X ⋄ , we would conclude that for every neighborhood V ⊂ X of the unit the neighborhood x n ∞ ♦ 1 V ⊂ G 0 V ∈ τ ⋄ intersects the set {x 
Joining pieces together
In this section we combine Lemmas 5.4, 5.7, 6.1 and prove the "unbounded" part of Theorem 1.1. First observe that these three lemmas imply the following corollary.
Corollary 7.1. If an ω-narrow complete Abelian topological group X does not have compact exponent, then X admits a weaker Hausdorff group topology τ ⋄ such that the completionX ⋄ of the topological group X ⋄ = (X, τ ⋄ ) contains an element y ∈X ⋄ such that y n / ∈ X ⋄ for all n ∈ N.
Now we can prove the promised "unbounded" part of Theorem 1.1.
Theorem 7.2. For a complete Abelian topological group X the following conditions are equivalent:
(1) X is complete and has compact exponent; (2) for any continuous homomorphism f : X → Y to a powertopological semigroup Y and every point y ∈ f (X) ⊂ Y there exists a number k ∈ N such that y k ∈ f (X); (3) for any injective continuous homomorphism f : X → Y to a topological group Y and every point y ∈ f (X) ⊂ Y there exists a number k ∈ N such that y k ∈ f (X).
Proof. The implication (1) ⇒ (2) follows from Theorem 4.4 and (2) ⇒ (3) is trivial. To prove that (3) ⇒ (1), assume that the compact Abelian topological group X does not have compact exponent. Then for every n ∈ N the set nX is not precompact. Using Lemma 2.1, we can find a closed separable subgroup Z ⊂ X such that for every n ∈ N the subgroup nZ is not precompact, which means that Z does not have compact exponent. By
